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CARDINALITY OF FUZZY SETS VIA BAGS 
R. R. YAGER 
Machine Intelligence Institute. Iona College, New Rochelle. NY 10801, U.S.A. 
Abstract-We discuss the concept of a bag. We then investigate the use of these structures for the 
representation of cardinality of a fuzzy set. 
INTRODUCTION 
The problem of counting the number of elements in a fuzzy set plays a central role in the theories 
of fuzzy probability and in the definition of linguistic quantifiers [1,2]. In Ref. [3] Dubois and 
Prade provide a very extensive survey of the various approaches to obtaining the cardinality of a 
fuzzy set. In Ref. [3] they note that the two basic approaches to measuring the cardinality of a 
fuzzy set are the scalar method, which essentially adds the membership grades, and the fuzzy integer 
approach, which represents the cardinality as a fuzzy number rather than a scalar. In Ref. [3] they 
also note a number of drawbacks associated with each of these methods. 
In this paper we suggest an alternate approach to representing the cardinality (or count) of a 
fuzzy subset in terms of bags [4]. Since bags provide a natural structure for representing “set-like” 
objects in which a count of the number of elements is of relevence, they would seem to be of 
possible use to represent counts of sets. Because the bag structure is not as yet very commonly 
used, we begin with an introduction to this topic. More information on bags can be found in Ref. 
[4] as well as in Refs [5,6]. 
BAGS 
A bag is essentially a set-like object, however, it differs from a set in that it allows for multiple 
copies of the same element-a situation which is forbidden in set theory. 
An example of a bag would be the collection 
A = (a, b, a, d, d, c, a). 
Note the redundant copies of the elements a and d. More generally a bag can be represented by a 
count function, whereas sets are represented by membership functions. 
Assume X is a set of elements. A bag A drawn from X can be characterized by a function count,,, 
such that 
count,: X -+ N, 
where N is the set of non-negative integers. The semantics of the count function are such that for 
any x E X, count,(x) indicates the number of times that x appears in the bag A. 
In Ref. [4] we also discuss the concept of fuzzy bags but we will not need that for the present. 
Using the above notation a bag A drawn from the set X can be written as 
A = (countJX,)/X,,count,(X,)/X,,. ..). 
Thus, in the previous example, 
A = <3/a, lfb, l/c, 2/d). 
We shall now discuss the calculus of bag operations. 
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Definition 
Assume A and L? are two bags drawn from the set X, we say A is a subbag of B denoted A c B 
if 
count,(x) < count,(x) VXEX. 
We say A = B if 
count,(x) = count,(x) VXEX. 
Dejnition 
Assume A and B are two bags drawn from X. The addition of these two bags results in a new 
bag C, denoted C = A @ B, such that for each x E X, 
count,(x) = count,(x) + count,(x). 
Note. If C = A @ B then since for each XE X, count,(x) = count,(x) + count,(x) and hence 
count,(x) 2 count,(x) for each x, thus it follows that A c C. 
Note. The addition of an element x to a bag A can be considered as A @ B, where B = (l/x) 
the bag with simply just x. 
Dejinition 
Assume A and B are two bags drawn from X. The removal (or subtraction) of bag B from A 
results in a new bag D, denoted D = A 0 B, such that for each x E X, 
count,(x) = max[count,(x) - count,(x), 01. 
Theorem 
Assume A and B are two bags drawn from X, then 
((A @ B) @ B) =J A. 
Proof. Let D = (A @ B) @ B. Thus, for any x E X, 
count,(x) = max[count,(x) - count,(x), 0] + count,(x) 
= max[count,(x), count,(x)] 2 count,(x). 
Furthermore, since B 0 B = 0 and A 0 0 = A we see that 
(A 0 B) 63 B # A 0 (B 0 B); 
thus fuzzy arithmetic does not associate between addition and subtraction. 
Definition 
Assume A and B are two bags drawn from the set X. The union of A and B is a new bag E, 
denoted 
E= AOB, 
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such that for each XEX, 
count,(x) = max[countA(x), count,(x)]. 
Definition 
Assume A and B are two bags drawn from the set X, the intersection of A and B is a new bag 
F, denoted F = A OB, such that for each x E X, 
count,(x) = min[count,(x), count,(x)]. 
We note that if G is a subset of X then it can be considered a bag drawn from X, where 
count,(x) = 1 if x E G and count,(x) = 0 if x 4 G. 
Definition 
Assume A is a bag drawn from the set X. The cardinality of X is 
card(A) = 1 count,(x). 
XEX 
CARDINALITIES OF FUZZY SETS 
Assume A is a subset of the finite set X. The subset A can be characterized by its membership 
u,: 
u,: x + L, 
where L is any lattice. The semantics of U, are such that, for any x E X, V,(x) indicates the degree 
to which x has the property specified by F, that is the degree to which x belongs to F. 
We note that if L = (0, l} we get the classic idea of a crisp subset, where for any element x. 
V,(x) = 1 means x belongs to F and V,(x) = 0 means x does not belong to F. If L = [O. 1) = I, 
the unit interval, we shall say F is a fuzzy subset of X. If L is unspecified other than it being a 
lattice we shall call F an L-fuzzy subset of X. 
The concept of cardinality or count of a subset relates to “how many elements are in the subset”. 
If F is a crisp subset, then the definition of cardinality of F simply becomes 
card(F) = 1 U,(X). 
XSX 
In trying to extend this definition to fuzzy subsets we run into some problems. One approach is 
to use what Zadeh [l] calls the x-count which is, 
x-count(F) = 1 V,(x). 
XSX 
This leads to a scalar number. Questions can be raised as to the fact of whether two half grades 
equal one whole grade, i.e. if F is a set of geniuses, do two half geniuses make one whole genius? 
One attempt out of this dilemna is to use fuzzy integers [3]. We note that when F is an L-fuzzy 
set, since the operation of addition does not necessarily exist for the elements of a lattice, we cannot 
use the addition idea at all. 
Another approach to defining count in the case of fuzzy sets is to represent the count in terms 
of fuzzy subsets over the non-negative integers, called fuzzy counts. However, Dubois and Prade 
[3] show that the current proposed definitions for fuzzy counts lack some fundamental properties. 
We shall suggest here an alternative definition for the cardinality or count of a fuzzy subset A 
of X which uses the concept of bags. 
R. R. YAGER 444 
Definition 
Assume A is a fuzzy subset of the finite set X. The count-bag of A, which we shall denote as 
(IA/) is a bag over the unit interval I such that for each ZEI, (IAl) = IA:I, where 
A: = (xlA(x) = a}. Thus (IAI)( 2 IS simply the number of elements which have a membership ) 
grade a. 
Example. Let 
x = {x ,,x,,x,,x,,x,,x,} 
and assume 
then 
A = (1/x,,O.5/x,,O.3/x,,O.5/.~~, l/x,, l/x,}, 
(IAl) = (3/1,2/0.5, l/0.3). 
We note that if B is a crisp subset of X then 
<M> = <lW>, 
where If31 is just the number of elements in E. We note that for any fuzzy subset A of X the 
x-count(A) can be easily recovered from ([Al) as 
x-count(A) = 1~ *count,.,,,,(r). 
01 
We shall now investigate some of the properties of this new bag function. 
Theorem 
Assume A and B are two fuzzy subsets of X, then 
<IA u BI) 0 (IA n 4) = WI> 0 WI>. 
Proof. Let C = A u B, thus for any XEX, 
C(x) = max[A(x), B(x)] 
and let D = A n B, thus 
D(x) = min[A(x), B(x)]. 
Let A,*, B:, C,* and D.* be the respective equal level sets, i.e. A,* = {x/A(x) = a}. 
Consider any arbitrary element x E X and any level a, four situations are possible: 
Cl1 
PI 
c31 
c41 
A(x) = B(x) = a. 
In this case C(x) = D(x) = a and hence x is contained in all four star sets. 
A(x) # a, B(x) # a. 
In this C(x) # a and D(x) # a and hence x is not contained in any of the star 
sets. 
A(x) = a and B(x) > a. 
In this case C(x) = B(x) # a and D(x) = A(x) = a and thus x is contained in D,* 
and A,*. 
A(x) = a and B(x) < a. 
In this case C(x) = A(x) = a and D(x) = B(x) # c( and thus x is contained in A,* 
and C,*. 
From the above the theorem naturally follows. Thus our definition for count-bags has the additivity 
property. 
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We are now interested in comparing fuzzy subsets as to the cardinality or count associated with 
these sets. We shall use an ordering function on count-bags to accomplish this. Assume A and B 
are two fuzzy subsets, we shall say that card*(A) 2 card*(B) if (IAl) 3 (IBI). We must now define 
what we mean by ([AI) 2 (IBI). The following recursive properties can be associated with this 
relationship: 
[l] For any bag A, 
where 0 is the empty bag. This is reflective of the fact that every set has at least 
as many elements as the null set. 
PI Let a1, QEI and let ur > a2, then 
<ll/aIl> 2 (Il/aA) 
This is reflective of the fact that a set with one element of membership rl has a 
higher cardinality than a set with one element of membership r2 when z1 2 x2. 
C31 Let n,, n2 E N, II, 2 n2 and ZE I, then 
This is reflective of the fact that a set with n, elements at grade r has higher 
cardinalities than one with nZ and grade a if n1 2 n2. 
[4] Let G, and G, be two bags drawn from I. Let H, and H, be also two bags 
drawn from a, such that H, 2 H,. Then 
G, 2 G, 
if 
Theorem 
G,OH, 2G,OH,. 
Assume <A) = (n,/crl) and (B) = (n,/a,>, where n, 2 n2 and a, 2 az, then (A) 2 (B). 
Proof. We note that (l/r,) 2 (l/a,), therefore 
if 
i.e. if 
<nIlal> 0 <l/a,) 2 <M,> 0 (l/a,>, 
which is true if 
((nl - 1)/d 2 ((4 - 1)/a,>, 
(tn, - 2)/6) 2 ((k - 2)/a,). 
Continuing in this manner we get a ground requirement 
((k - nl)la2) 2 (0) 
which is true, and thus our theorem is proved. 
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We now see our procedure for comparing two count-bags, E and F. Keep removing from each 
H, and G, respectively, where H, 2 G,; if we come to a point where 
E - ~,G, > F _ xIH,, 
then E 3 F. 
Theorem 
Assume A and B are two fuzzy subsets of x such that A c B, then (IAl) < (IBI). 
Proof. Each element A(x)/x in A reflects itself into an element l/A(x) in (/AI) and each element 
B(x)/x in B reflects itself into an element l/B(x) in (IBI), however since A c B, for each xeX, 
B(x) 2 A(x). Thus, since (PI) - 1 (l/B(x)) = (0) 2 (IAI) - 1 (l/A(x)) = (0) and since, for 
each x, (l/B(x)) 2 (l/A(x)), x 
x 
Corollary. For any fuzzy subset A of X, 
WI> G WI>. 
CONCLUSION 
We have introduced the concept of a count-bag to represent the cardinality of a fuzzy set and 
studied some of its properties. 
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